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a b s t r a c t
An incidence of a graph G is a pair (v, e) with v ∈ V (G), e ∈ E(G), such that v and e are
incident. Twodistinct incidences (v, e) and (w, f ) are adjacent if one of the following holds:
(i) v = w, or (ii) v and w are adjacent and vw ∈ {e, f }. An incidence coloring of a graph
G is a mapping from the set of incidences to a color set such that adjacent incidences of
G are assigned distinct colors. The incidence chromatic number is the minimum number of
colors needed. The incidence coloring conjecture (ICC) stated that the incidence chromatic
number of a graph G is at most∆(G)+2, where∆(G) is the maximum degree of the graph.
Although the conjecture is false in general, it is valid for some classes of graphs.Maydanskiy
(2005) [9] proved the ICC for any graphwith∆(G) = 3. Li and Tu (2008) [7] proved that it is
NP-complete to determine whether a general graph is incidence k-colorable. In this paper,
we consider pseudo-Halin graphs and show that the incidence chromatic number of a 3-
regular (pseudo-)Halin graph G other thanW4 is 5. A pseudo-Halin graph Gwith∆(G) ≥ 4
has an incidence (∆(G)+ 2)-coloring.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are undirected, finite, loopless, and without multiple edges. Let G be a graph and
use the standard notations V (G) and E(G) for its sets of vertices and edges, respectively. For a graph G, let ∆(G) denote its
maximum degree. For any vertex u ∈ V (G), let NG(u) (or simply N(u)) be the set of all neighbors of u. The degree of u,
written as d(u), is equal to |N(u)|. A vertex of degree k is called a k-vertex. All notations not defined in this paper are given
in [2] or [14]. Let
I(G) = {(v, e) ∈ V (G)× E(G): v is incident with e}
be the set of incidences of G. Two distinct incidences (v, e) and (w, f ) are adjacent if one of the following holds: (1) v = w,
or (2) v andw are adjacent and vw ∈ {e, f }. For v ∈ V (G), we denote by Iv the set of incidences of the form (v, vw) and by
Av the set of incidences of the form (w,wv).
An incidence coloring of G is a mapping from I(G) to a color-set C such that adjacent incidences of G are assigned distinct
colors. If σ : I(G)→ C is an incidence coloring with |C | = k, then G is incidence k-colorable and σ is an incidence k-coloring
of G. The incidence chromatic number of G, denoted χi(G), is the smallest k such that there exists an incidence k-coloring
σ : I(G) → C . We will use the notation σ(x, xy) to refer to the color σ((x, xy)) of an incidence (x, xy) under the incidence
coloring σ .
Following Dolama et al. [5], we also define an incidence (k, l)-coloring of a graph G as an incidence k-coloring σ of G such
that for every vertex v ∈ V (G), |σ(Av)| ≤ l.
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Fig. 1. A pseudo-Halin graph that is not a Halin graph.
The concept of incidence coloring was first developed by Brualdi and Quinn Massey [3] in 1993. They proposed the
Incidence Coloring Conjecture (ICC), which stated that χi(G) ≤ ∆(G) + 2 for every graph G. In 1997, Guiduli [6] observed
that incidence coloring is a special case of directed star arboricity, introduced by Algor and Alon in [1], and pointed out that
the ICC is false, based on an example in [1]. He considered the Paley graphs of order p with p ≡ 1 (mod 4). Following the
analysis in [1], he showed that χi(G) ≥ ∆(G) + Ω(log∆(G)), where the coefficient on the term log∆(G) is 1/8 − o(1).
According to a tight upper bound for directed star arboricity, he gave an upper bound for incidence chromatic number:
χi(G) ≤ ∆(G)+ O(log∆(G)). However, the ICC is valid for many classes of graphs.
The determination of the incidence chromatic number of a graph is a fascinating question. The incidence chromatic
number of some special classes of graphs has been determined. Brualdi and Quinn Massey [3] determined the incidence
chromatic numbers of trees, complete graphs, and complete bipartite graphs. Chen et al. [4] determined the incidence
chromatic numbers of paths, cycles, fans, wheels, augmented wheels, and complete 3-partite graphs, where an augmented
wheel is a graph obtained from awheel by adding one edge between vertices thatwere not joined by an edge.Wang et al. [13]
determined the incidence chromatic numbers of Halin graphs withmaximum degree at least 5 and outerplanar graphs with
maximum degree at least 4. However, Shiu and Sun [12] gave an example of an outerplanar graph with maximum degree 4
that is not incidence 5-colorable; thus Theorem 3.1 in [13] is not true. Dolama et al. [5] proved that χi(G) ≤ ∆(G)+ 2k− 1
for every k-degenerated graph G. For K4-minor free graphs, they proved χi(G) ≤ ∆(G) + 2. Maydanskiy [9] proved
χi(G) ≤ ∆(G) + 2 for any graph with ∆(G) = 3. In general, determining the incidence chromatic number is hard; Li
and Tu [7]proved that it is NP-complete to determine the incidence chromatic number for a general graph.
In this paper, we consider the incidence coloring of pseudo-Halin graphs. A pseudo-Halin graph is a particular planar
graph. Formally, we have the following definition.
Definition 1.1. A 2-connected planar graph Gwith minimum degree at least 3 is a pseudo-Halin graph if deleting the edges
on the boundary of a single face f0 yields a tree. It is a Halin graph if the vertices of f0 all have degree 3 in G. The face f0 is the
exterior face; the others are interior faces. Vertices of f0 are exterior vertices; the others are interior vertices. Vertices of f0 with
degree 3 in G are regular vertices; the others are irregular vertices. Let R(f0) and I(f0) denote the sets of regular and irregular
vertices in f0, respectively.
This definition conveys the idea that a pseudo-Halin graph can be seen as a graph G = T ∪ C , where T is a tree and C is a
cycle. The following example illustrates some concepts about pseudo-Halin graphs.
Example 1.1. Fig. 1 shows a pseudo-Halin graph that is not a Halin graph. The face abfge is the exterior face. The sets
{a, b, f , g, e} and {c, d} are, respectively, the set of exterior vertices and the set of interior vertices. R(f0) = {b, f , g, e};
I(f0) = {a}.
For the purposes of the present paper, awheel Wn is the graph with n vertices formed by connecting a single vertex to all
vertices of an (n− 1)-cycle. Obviously, a wheel is a Halin graph and hence also a pseudo-Halin.
Many parameters of pseudo-Halin graphs have been studied; see [8,11,10]. In this paper, we will prove that χi(G) = 5,
where G is a 3-regular Halin graph other than W4. Also, for a general pseudo-Halin graph G with ∆(G) ≥ 4, there exists
an incidence (∆(G) + 2, 2)-coloring. Furthermore, for a particular class of pseudo-Halin graphs, the incidence chromatic
number is∆(G)+ 1.
We end this section by introducing some notation that we shall use in the rest of the paper.
Let G be a graph. If V ′ ⊂ V (G) and E ′ ⊂ E(G), we denote by G− V ′ the graph obtained from G by deleting the vertices in
V ′ and by G − E ′ the graph obtained from G by deleting the edges in E ′. If the edges in E ′ are not edges of G, we denote by
G+ E ′ the graph obtained from G by adding the edges in E ′. For two vertices u, v ∈ V (G), the distance between u and v in G
is the length of a shortest path connecting them, denoted distG(u, v).
Let G′ be a graph constructed from a graph G, and let σ ′ an incidence coloring of G′. We shall often construct an incidence
coloring σ of G from the incidence coloring σ ′ of G′. In that case, it should be understood that we set σ(v, vw) = σ ′(v, vw)
for every unnoted incidence (v, vw) ∈ I(G) ∩ I(G′).
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Fig. 2. The configuration A.
Fig. 3. The configuration B.
2. Incidence coloring of 3-regular Halin graphs
In this section,we first describe two special configurations as shown in Figs. 2 and 3. These two configurations are denoted
A and B, respectively. Using these two configurations, we easily determine that the incidence chromatic number of a 3-
regular Halin graph other thanW4 is equal to 5.
Lemma 2.1 ([9]). If G is a graph with maximum degree 3, then χi(G) ≤ 5.
Lemma 2.2 ([6]). Let G be a graphwithmaximumdegree∆(G) and choose v ∈ V (G) such that d(v) = ∆(G). If σ is an incidence
(∆(G)+ 1)-coloring of G, then σ(x, xv) = σ(y, yv) for x, y ∈ NG(v).
Lemma 2.3. Let G be a graph with∆(G) = 3. If G contains the configuration A or B, then χi(G) = 5.
Proof. Obviously, χi(G) ≥ 4. Suppose that χi(G) = 4. Let σ be an incidence 4-coloring of G, and let C = {1, 2, 3, 4}.
If G contains the configuration A, then, according to Lemma 2.2, there is only one color for the incidences in Av , for
v ∈ {a, b, c, d, e}. Without loss of generality, we may assume that σ(a, af ) = 1, σ (a, ae) = 2, σ (a, ab) = 3, and
σ(x, xa) = 4, for x ∈ {f , e, b}. By Lemma 2.2 and the definition of incidence coloring, we know that σ(b, be) = σ(d, de) =
2, σ (e, eb) = σ(c, cb) = 3, and σ(b, bc) = σ(e, ed) = 1. Now there is at least one incidence in the set {(c, cd), (d, dc)}
that can’t be colored correctly. This contradicts the hypothesis.
If G contains the configuration B, then, according to Lemma 2.2, there is only one color for the incidences in Av , for
v ∈ {a′, b′ ·c ′, d′, e′, f ′, g ′}. Without loss of generality, wemay suppose that σ(f ′, f ′a′) = 1, σ (f ′, f ′b′) = 2, σ (f ′, f ′e′) = 3,
and σ(x′, x′f ′) = 4, for x′ ∈ {a′, b′, e′}. Then σ(b′, b′a′) = 1, σ (g ′, g ′e′) = 3. By the definition of incidence coloring, we
know that σ(b′, b′c ′) = 3. Thus, σ(g ′, g ′c ′) = 3. However, the conclusion that σ(g ′, g ′e′) = 3 implies that σ(g ′, g ′c ′) ≠ 3.
This is a contradiction.
Thus, the hypothesis is wrong. So χi(G) ≥ 5. By Lemma 2.1, we know χi(G) = 5. 
By this lemma, the configurations A and B can be used as a tool to help us determine whether the incidence chromatic
number of a graph G with ∆(G) = 3 is 5. If a graph G with ∆(G) = 3 contains the configuration A or B, then its incidence
chromatic number must be 5.
Proposition 2.4. If G is a 3-regular Halin graph and G ≠ W4, then G must contain the configuration A or B.
Proof. Since G is a 3-regular Halin graph, G = T ∪ C , where T is a tree whose internal vertices have degree 3 and C is a
cycle. Pick an arbitrary leaf of a longest path in T to be the root. Take a leaf v1 of the maximal depth, and let v2 be the other
descendant of its parentw. Consider the parent u ofw. Either the other descendantw′ of u is a leaf, and v1, v2, w′, u, w form
the configuration A, or it has descendants v′1, v
′





′, u, w form the
configuration B. 
By Proposition 2.4 and Lemma 2.3, the following result is obtained.
Theorem 2.5. If G is a 3-regular Halin graph and G ≠ W4, then χi(G) = 5.
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Fig. 4. The induced subgraph in Case 1.
Fig. 5. The induced subgraph in Case 2.
3. Incidence coloring of pseudo-Halin graphs with∆(G) ≥ 4
Lemma 3.1 ([8]). If G is a pseudo-Halin graph with exterior face f0, and v ∈ I(f0), then
(1) the set of interior vertices adjacent to v is independent; and
(2) there are at most two vertices in N(v) in the same interior face.
Proof. If there are adjacent interior vertices x, y ∈ N(v), or if there are more than two interior vertices in N(v) in the
same interior face, then G − E(f0) is not a tree. This contradicts the definition of pseudo-Halin graph, so the conclusion is
correct. 
Lemma 3.2 ([8]). Let G be a pseudo-Halin graph with outer face f0 and G ≠ Wn. If p = v1v2 . . . vk is a longest path in
G− E(f0), w ∈ {v2, vk−1}, then one of the following holds:
(1) w is an interior vertex of G such that N(w) ⊂ V (f0), |N(w) I(f0)| = 1. Suppose that N(w) = {u1, . . . , um, y} for m ≥ 2,
where y ∈ I(f0), x ∈ V (f0), and the subgraph induced by the set {w, x, y, u1, . . . , um} is as shown in Fig. 4. Then the graphs
G11 = G− {w, u1, . . . , um} + {xy},
G21 = G− {ui, . . . , uj} + {ui−1uj+1} for 2 ≤ i ≤ j ≤ m− 1
are also pseudo-Halin graphs.
(2) w is an interior vertex of G such that |N(w) ∩ (V (G) \ V (f0))| = 1, |N(w) ∩ R(f0)| = d(w) − 1. Suppose that
N(w) = {u, u1, . . . , um} for m ≥ 2, where u is an interior vertex, x, y ∈ V (f0), and the subgraph induced by the set
{w, u, x, y, u1, . . . , um} is as shown in Fig. 5. Then the graphs
G12 = G− {u1, . . . , um} + {xw, yw},
G22 = G− {ui, . . . , uj} + {ui−1uj+1} for 2 ≤ i ≤ j ≤ m− 1
are also pseudo-Halin graphs.
Proof. Let T = G − E(f0). By the definition of pseudo-Halin graph, T is a tree. Without loss of generality, suppose that
w = vk−1. Thenw is an interior vertex, since otherwise f0 has a chord. Thus there are two cases for vk−2 to be considered. One
is that vk−2 is an interior vertex, and the other is vk−2 ∈ V (f0). If vk−2 is an interior vertex, then case 2 holds; if vk−2 ∈ V (f0),
then case 1 holds. 
Lemma 3.3 ([11]). Let G be a pseudo-Halin graph. Suppose that w, x and y are vertices such as Case 2 in Lemma 3.2, if
u ∈ N(w) \ {u1, . . . , um}, where {u1, . . . , um} = V (f0) ∩ N(w), then there is at least one vertex a ∈ {x, y}, such that
distT (a, u) ≤ 2, where T = G− E(f0).
Lemma 3.4 ([11]). Let w, x, y and u be vertices such as in Lemma 3.3. If distT (u, y) = 2, then one of the following holds:
(1) y is a vertex of a triangle;
(2) distT (u, x) = 1, x ∈ R(f0);
(3) distT (u, x) = 2, x is a vertex of a triangle.
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Lemma 3.5 ([11]). Let w, x, y and u be vertices such as in Lemma 3.3. If distT (u, y) = 1, then one of the following holds:
(1) y ∈ R(f0);
(2) distT (u, x) = 1, x ∈ R(f0);
(3) distT (u, x) = 2, x is a vertex of a triangle.
Theorem 3.6. If G is a pseudo-Halin graph with∆(G) ≥ 4, then G has an incidence (∆(G)+ 2, 2)-coloring.
Proof. We first give the proof of the case∆(G) = 4. Our proof proceeds by induction on the number of vertices of G. In the
following proof, for a set S of incidences, σ ′(S) denotes {σ ′(i): i ∈ S} under the incidence coloring σ ′.
The pseudo-Halin graph with the smallest number of vertices and∆(G) = 4 isW4, which is incidence 5-colorable. Thus
W4 has an incidence (6, 2)-coloring. That is to say, when |V (G)| = 5, the proposition is true. By the definition of pseudo-Halin
graph, there is no pseudo-Halin graph such that V (G) = 6 and∆(G) = 4. So we assume that |V (G)| ≥ 7, and the conclusion
holds for any pseudo-Halin graph H with∆(H) = 4 and |V (H)| < |V (G)|. Now study the graph G. Ifw is a vertex such as in
Lemma 3.2, then we have two cases to consider.
Case 1.w is a vertex satisfying Case 1 in Lemma 3.2.
Subcase 1.1. d(w) = 3.
Let G′ = G−{w, u1, u2}+{xy}, where u1, u2, x, y are defined as Case 1 in Lemma 3.2. By Lemma 3.2, G′ is a pseudo-Halin
graph such that |V (G′)| = |V (G)| − 3 < |V (G)|. Note that G′ may be a 3-regular Halin graph or a pseudo-Halin graph with
∆(G) = 4. By the induction hypothesis and Theorem 2.5, G′ has an incidence (6, 2)-coloring σ ′. Now, we can construct an
incidence (6, 2)-coloring σ of G on σ ′. Since |σ ′(Iy ∪ Ay)| ≤ dG′(y) − 1 + 2 ≤ ∆(G) + 1, there exists a color a such that
a ∉ σ ′(Iy ∪ Ay). Set
σ(x, xu1) = σ(w,wy) = σ(u2, u2y) = σ ′(x, xy);
σ(u1, u1x) = σ(y, yw) = σ(u2, u2w) = σ ′(y, yx);
σ(y, yu2) = σ(w,wu2) = σ(u1, u1u2) = a;
σ(w,wu1) = σ(u2, u2u1) ∈ C \ {σ ′(x, xy), σ ′(y, yx), a};
σ(u1, u1w) ∈ C \ {σ ′(x, xy), σ ′(y, yx), a, σ (w,wu1)}.
Subcase 1.2. d(w) = 4.
Let G′ = G−{w, u1, u2, u3}+ {xy}, where u1, u2, u3, x, y are defined as in Case 1 in Lemma 3.2. According to Lemma 3.2,
G′ is a pseudo-Halin graph. Reasoning as in Subcase 1.1, G′ has an incidence (6, 2)-coloring σ ′. From σ ′, we can construct an
incidence coloring σ of G. Since |σ ′(Iy ∪ Ay)| ≤ dG′(y)− 1+ 2 ≤ ∆(G)+ 1, there exists a color a such that a ∉ σ ′(Iy ∪ Ay).
Set
σ(x, xu1) = σ(w,wy) = σ(u3, u3y) = σ ′(x, xy);
σ(u1, u1x) = σ(y, yw) = σ(u3, u3w) = σ(u2, u2w) = σ ′(y, yx);
σ(y, yu3) = σ(w,wu3) = σ(u2, u2u3) = a;
σ(w,wu1) = σ(u2, u2u1) ∈ C \ {σ ′(x, xy), σ ′(y, yx), a};
σ(w,wu2) = σ(u1, u1u2) = σ(u3, u3u2) ∈ C \ {σ ′(x, xy), σ ′(y, yx), a, σ (w,wu1)};
σ(u1, u1w) ∈ C \ {σ ′(x, xy), σ ′(y, yx), a, σ (w,wu1), σ (w,wu2)}.
Case 2.w is a vertex satisfying Case 2 in Lemma 3.2.
Case 2.1. d(w) = 3.
Let G′ = G− {u1, u2} + {wx, wy}, where u1, u2, x, y are defined as in Case 2 in Lemma 3.2. By Lemma 3.2, G′ is a pseudo-
Halin graph such that |V (G′)| = |V (G)| − 2 < |V (G)|. G′ may be a 3-regular Halin graph or a pseudo-Halin graph with
∆(G) = 4. By the induction hypothesis and Theorem 2.5, there exists an incidence (6, 2)-coloring σ ′ for G′. Based on σ ′, an
incidence (6, 2)-coloring σ of G can be constructed. Let u ∈ N(w) \ {u1, u2}.
Subcase 2.1.1. σ ′(x, xw) = σ ′(y, yw) ≠ σ ′(u, uw). Set
σ(x, xu1) = σ(w,wu2) = σ(y, yu2) = σ ′(x, xw);
σ(u1, u1x) = σ ′(w,wx); σ(u2, u2y) = σ ′(w,wy);
σ(u2, u2w) = σ(u1, u1w) = σ ′(u, uw);
σ(w,wu1) = σ(u2, u2u1) = C \ (σ ′(Iw ∪ Aw));
σ(u1, u1u2) = σ ′(w,wu).
Subcase 2.1.2. σ ′(x, xw) = σ ′(u, uw) ≠ σ ′(y, yw). Set
σ(x, xu1) = σ(u2, u2w) = σ ′(x, xw);
σ(u1, u1x) = σ ′(w,wx);
σ(u2, u2y) = σ(u1, u1w) = σ ′(w,wy);
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σ(w,wu2) = σ(u1, u1u2) = σ(y, yu2) = σ ′(y, yw);
σ(w,wu1) = σ(u2, u2u1) = C \ (σ ′(Iw ∪ Aw)).
Subcase 2.1.3. σ ′(x, xw) ≠ σ ′(u, uw) = σ ′(y, yw). This subcase follows from Subcase 2.1.2 by interchanging x and y.
Subcase 2.1.4. σ ′(x, xw) = σ ′(u, uw) = σ ′(y, yw).
Here |σ ′(Iw ∪ Aw)| = 4. By Lemma 3.3, without loss of generality, suppose that distT (y, u) ≤ 2. When distT (y, u) = 2,
by Lemma 3.4, we have three cases to consider; when distT (u, y) = 1, the proof is similar to the following proof.
Subcase 2.1.4.1. y is a vertex of a triangle.
Here |σ ′(Iy ∪ Ay)| ≤ dG(y)+ 2 = 5, so there exists a color a such that a ∉ σ ′(Iy ∪ Ay). Set
σ(y, yu2) = a;
σ(x, xu1) = σ(u2, u2w) = σ ′(x, xw);
σ(u1, u1x) = σ ′(w,wx);
σ(u2, u2y) = σ(u1, u1w) = σ ′(w,wy);
σ(u2, u2u1) = σ(w,wu1) = C \ {a} \ {σ ′(Iw ∪ Aw)};
σ(w,wu2) = σ(w,wu1) = C \ (σ ′(Iw ∪ Aw)) \ (σ (u2, u2u1)).
Subcase 2.1.4.2. distT (u, x) = 1, x ∈ R(f0).
Here |σ ′(Ix ∪ Ax)| ≤ dG(x)+ 2 = 5, so there exists a color b such that b ∉ σ ′(Ix ∪ Ax). Set
σ(x, xu1) = b;
σ(u1, u1w) = σ(y, yu2) = σ ′(x, xw);
σ(U1, u1x) = σ(u2, u2w) = σ ′(w,wx);
σ(u2, u2y) = σ ′(w,wy);
σ(u1, u1u2) = σ(w,wu2) = C \ {b} \ (σ ′(Iw ∪ Aw));
σ(u2, u2u1) = σ(w,wu1) = C \ (σ ′(Iw ∪ Aw)) \ {σ(w,wu2)}.
Subcase 2.1.4.3. distT (u, x) = 2, x is a vertex of a triangle. This subcase follows from Subcase 2.1.4.1 if y is replaced with
x.
Case 2.2. d(w) = 4.
Let G′ = G − {u1, u2, u3} + {wx, wy}, where u1, u2, u3, x, y are defined as in Case 2 in Lemma 3.2. Using the similar
analysis as the preceding case, there exists an incidence (6, 2)-coloring σ ′ for G′. Now, construct the incidence coloring σ of
G on σ ′. Set
σ(x, xu1) = σ(u2, u2w) = σ ′(x, xw);
σ(u1, u1x) = σ(w,wu3) = σ(u2, u2u3) = σ ′(w,wx);
σ(u3, u3y) = σ(w,wu1) = σ(u2, u2u1) = σ ′(w,wy);
σ(y, yu3) = σ ′(y, yw).
If |σ ′(Aw)| = 1, set
σ(w,wu2) = σ(u1, u1u2) = σ(u3, u3u2) ∈ C \ (σ ′(Aw ∪ Iw));
σ(u3, u3w) = σ(u1, u1w) ∈ C \ (σ ′(Aw ∪ Iw)) \ {σ ′(w,wu2)}.
If |σ ′(Aw)| = 2, then σ ′(Aw ∪ Iw) = 3+ 2 < 6. There exists a color c ∉ σ ′(Aw ∪ Iw). Set
σ(w,wu2) = σ(u1, u1u2) = σ(u3, u3u2) = c;
σ(u3, u3w) = σ ′(Aw) \ {σ ′(y, yw)};
σ(u1, u1w) = σ ′(Aw) \ {σ ′(x, xw)}.
From all the former cases, it is not difficult to see that σ is an incidence (6, 2)-coloring of G. Thus, for a pseudo-Halin
graph with ∆(G) = 4, the conclusion is true. When ∆(G) ≥ 5, the conclusion can be proved by the similar arguments as
above. 
Hence, by induction, we have proved Theorem 3.6 is true. According to the definition of pseudo-Halin graph, we get the
following corollary.
Corollary 3.7. If G is a Halin graph with∆(G) ≥ 4, then G admits an incidence (∆(G)+ 2, 2)-coloring.
Theorem 3.6 shows that if G is a pseudo-Halin graph, then χi(G) ≤ ∆(G) + 2. In fact, for some particular pseudo-Halin
graph, we can prove that its incidence chromatic number is ∆(G) + 1. From Theorem 2.1 in [12], we know that if G is a
pseudo-Halin graph with ∆(G) ≥ 5 and I(f0) = ∅, then its incidence chromatic number is ∆(G) + 1. For a pseudo-Halin
graph with I(f0) ≠ ∅, the following theorem can be obtained.
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Theorem 3.8. Let G be a pseudo-Halin graph with the maximum degree ∆(G) and I(f0) ≠ ∅. If G satisfies d(v) ≤ ∆(G)−12 , for
v ∈ I(f0), then χi(G) = ∆(G)+ 1.
Proof. It is sufficient to prove thatGhas an incidence (∆(G)+1)-coloring. By the definition of pseudo-Halin graph,G = T∪C ,
where T is a tree and C is a cycle. Since d(v) ≤ ∆(G)−12 , for v ∈ I(f0), we have∆(T ) = ∆(G). So T has an incidence (∆(G)+1)-
coloring σ ′ such that |σ ′(Au)| = 1, u ∈ V (T ).
Now, we can extend the incidence coloring σ ′ of T to a correct incidence coloring σ of G. Let the vertices in V (C) be
arranged orderly into y1, y2, . . . , yn. We color the incidences on the cycle C from the incidence (y2, y2y1) in turn. σ(y2, y2y1)
is restrained by atmost ∆(G)−12 −2+ ∆(G)−12 −2+1 = ∆(G)−4 colors, hence there is a color to color the incidence (y2, y2y1).
Now σ(y2, y2y3) is restrained by atmost∆(G)−3 colors, thus the incidence (y2, y2y3) can be correctly colored.We continue
orderly this process until the incidence (y1, y1y2). Since ∆(G)−12 + ∆(G)−12 − 1 + 2 = ∆(G), σ(y1, y1y2) is affected by at
most ∆(G) colors. So there is a color to correctly color the incidence (y1, y1y2). In this way, we obtain a correct incidence
(∆(G)+ 1)-coloring σ of G. So χi(G) = ∆(G)+ 1. 
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